Abstract. In this paper we discuss the ontology of flavor states of oscillating neutrinos. While an heuristic approach to this subject, experimentally successful in the high energy regime, is generally adopted, a logically consistent definition of flavor states describing neutrinos produced and detected in weak processes is still desirable and essential from a theoretical perspective. Here we briefly review basic facts and present some arguments which suggest that the definition of flavor states as eigenstates of flavor charges is the most reasonable one.
Introduction
Neutrinos are strange beasts which changed identity several times during their history: they were firstly theorized by Pauli to explain the continuous spectrum of electrons in the β decay 1 . They were observed for the first time, after long efforts, by F. Reines and C. Cowan [2] . Then it was proved that neutrinos exist in three different flavors [3] , in correspondence with the three flavors of charged leptons.
For almost three decades people thought that neutrinos were exactly massless, and then they were described as left-handed Weyl fermions [4] . This assumption is also contained in the original Standard Model (SM) by Weinberg and Salam [5] . However, the results of the Homestake experiment [6] , and many others along the years [7] , inescapably proved that they must possess small masses. Actually, the nature itself of neutrino masses, Dirac [8] or Majorana [9] is not clear at the moment and different extensions of SM [10, 11, 12] were proposed.
Neutrinos also possess flavor mixing, a feature which is at the basis of the phenomenon of neutrino oscillations. This was theorized by Pontecorvo [13] , Maki, Nakagawa and Sakata [14] , and it is nowadays universally accepted [15, 16] .
Although quantum mechanical (QM) Pontecorvo theory works extremely well in the actual experiments where neutrinos, due to their small masses, are ultrarelativistic, it is not satisfactory from a theoretical point of view, and deviations in low energy experiments are expected in different scenarios based on quantum field theory (QFT) [17, 18, 19, 20, 21] . In particular, the correct definition of flavor states is somewhat mysterious. The reason is that, because of the flavor oscillation phenomenon, these cannot be constructed as the usual in or out states [22] . A good review of the different approaches can be found in Ref. [23] .
In the present paper we review few basic facts on neutrino flavor states. In doing so we will limit to the case of Dirac neutrinos. We also show some paradoxes and mistakes that may occur in an oversimplified treatment of neutrino mixing and oscillations and propose some arguments which suggests that a correct description of neutrino flavor states would be the one developed in Refs. [19, 21] .
Pontecorvo flavor states
The mixing transformation is
where ν σ are the flavor fields, involved in the weak interaction, ν j are the mass fields, which describe neutrinos with definite masses and U is the unitary mixing matrix.
The problem of constructing a Fock space for flavor neutrinos was studied many times in literature [17, 18, 19, 21, 24, 25] . There is general agreement [18, 19, 21, 24, 25, 26] on the existence of such a Fock space in the ultra-relativistic limit m j /|k| → 0, where m j are the neutrino masses. In this case annihilation operators are defined as
where α r k,j are the annihilation operator of fields with definite mass:
Similar relations hold for β r k,j . Flavor states can be thus constructed as:
where |0 is the vacuum state, which is annihilated by α r k,j and β r k,j (mass vacuum). These states can be recognized as the flavor states originally introduced by Pontecorvo [13] :
In the relativistic limit these are eigenstates of flavor charges at fixed time:
where [27, 29] (see Section 3)
However, this is not true at all energy scales. To see this, let us explicitly consider the 2-flavor case (σ = e, µ and j = 1, 2). The mixing matrix is given by:
We can evaluate the oscillation formula as the expectation value of the flavor charge on a reference neutrino state [27, 28, 29] :
where
In the ultra-relativistic case |U k | → 1, and we get the standard oscillation formula:
Note in particular that
which is unacceptable because it tells us that flavor is undefined even at t = 0 [29, 30] . A similar paradox was also pointed out in Ref. [28] , in connection with the study of Feynman propagator for flavor fields.
3. Lepton number conservation 3.1. Basic considerations In Ref. [18] it was pointed out that the amplitude of the neutrino detection process ν σ + X i → e − + X f , where X i and X f are the initial and the final particles, respectively, and e − is the electron, is generally different from zero if σ = e, if we use the Pontecorvo states. In fact, for low-energy weak processes (where we can use the four-fermion Fermi interaction):
where h µ are the matrix elements of the X part. This is generally different from δ σe . This seems to be inconsistent because the flavor of the neutrino is defined by the flavor of the associated charged lepton in the (lepton-neutrino) doublet (see also Ref. [31] ). From this observation, in the attempt of developing a consistent QFT approach, weak process states were introduced 2 [18] :
Here l − α indicates the charged lepton and S is the S-matrix. If we consider, as before, a lowenergy weak process, we can write:
where J µ (x) is the X current. It is important to stress that the definition (13) explicitly depends on the details of the detection process. However, the inconsistency of Eq. (12) was not solved by this new definition. In fact:
which is also generally different from δ σe .
We now have to do an important remark. The S matrix is defined so it connects in and out states [22] :
The asymptotic states are defined far before and after the interaction, so that neutrino oscillation occurs leading to the violation of family lepton number conservation. This is natural and expected. The previous example are thus not pathological in this sense. However, lepton number has to be conserved in the production and detection vertexes (at tree level), where flavor oscillation can be neglected 3 . Because this point created some discussion in literature [32, 33, 34] , we think it is important to expose it in more detail, starting from basic elementary considerations in order to avoid to incur in the contradictions of oversimplified treatments.
Flavor charge conservation in the vertex
Let us consider a charged weak decay
where ν = (ν e , ν µ ) T , l = (e, µ) T , and
The Lagrangian L is invariant under the global U (1) transformations ν → e iα ν and l → e iα l leading to the conservation of the total flavor charge Q tot l corresponding to the total leptonnumber conservation [15, 35] . This can be written in terms of the flavor charges for neutrinos and charged leptons [27] 
with
The above charges can be derived via Noether's theorem [36] from the Lagrangian (20) . Note the time dependence of the neutrino charges, due to the non-diagonal mass matrix M ν . By observing that [L int (x, t), Q tot σ (t)] = 0, we see that a neutrino flavor state is well defined in the production vertex as an eigenstate of the corresponding flavor charge [30] . Let us now consider the (Pontecorvo states) amplitude of the above mentioned process
The interaction Hamiltonian density is
and
as it can be deduced from Eq. (20) . The usual amplitude is obtained by taking the asymptotic limit x 0 out → +∞, x 0 in → −∞. However, as mentioned, the flavor states are not asymptotic stable states, and we want to investigate the short-time behavior of the amplitude (around the interaction time x 0 = 0). Explicit calculations (cfr. Ref. [33] ) give:
where ε p,µ,λ is the polarization vector of W + and v s q,e is the positron wave function. We take x 0 in = −∆t/2 and x 0 out = ∆t/2, when τ W ≪ ∆t ≪ t osc , where τ W is the W + lifetime, while t osc is the oscillation time. Under this condition, we can expand the amplitude at the leading order in ∆t, obtaining:
In the same way, one can evaluate the "wrong" amplitude
Proceeding as before we get:
which in the short time limit becomes
This is clearly different from zero, which is inconsistent. Let us notice that the same procedure for the weak process states above defined would lead to
The main reason behind this ambiguity is that Eq.(6) does not hold in the non-relativistic case. The same is true for weak process states: these are not eigenstates of the flavor charges which commute with the interaction vertex. Therefore it is obvious that the use of these states leads to violation of the family lepton number at tree level, in the production (and detection) vertex.
First quantized oscillation formula and Dirac equation
In this section, following Ref. [37] we review the correct derivation of the oscillation formula in relativistic quantum mechanics. Flavor wavefunction satisfies the Dirac equation:
where 1I n indicates the n × n identity matrix and M ν is the mass matrix introduced in Eq.(21). For simplicity we limit to study the problem in one spatial dimension (along the z-axis). By introducing wavefunctions of neutrino with definite masses:
one can express a neutrino wavepacket Ψ as:
where ψ j (z, t) are the wavepackets describing neutrinos with definite masses, ν 1 , ν 2 are the eigenstates of M ν and ν σ , ν ρ are flavor eigenstates. A neutrino is produced as a flavor eigenstate if ψ 1 (z, 0) = ψ 2 (z, 0) = ψ σ (z, 0), with σ = e, µ. The oscillation probability will be given by
By using Eq.(35) we can derive:
where the interference term is given by
Note that respect to the usual treatment, where only positive frequency modes are included, this analysis explicitly shows that also negative frequency contribution have to be involved in the computation of the interference term (38) . In fact, let us consider the Fourier expansion of ψ j (z, t): 
The requirement that neutrino is produced with definite flavor, assumes the form:
where ϕ σ (p z − p 0 ) is the flavor neutrino distribution in the momentum space, at t = 0, p 0 is the mean momentum of mass wavepackets and w is a constant spinor, satisfying w † w = 1. By using orthogonality conditions of Dirac spinors we derive the relations
Substituting in Eq. (39) and then in Eq. (38) we finally arrive at [29, 37] :
The notation here is slightly different respect to Refs. [29, 37] , in order to get in touch with the next section. For plane waves, ϕ σ (p z − p 0 ) = δ(p z − p 0 ). The oscillation probability thus reads
The main difference with respect to the standard oscillation formula Eq. (10) is the presence of a fast oscillating term, with frequency Ω + p 0 /2. This is analogous to the Zitterbewegugng encountered in atomic physics, which leads to the Darwin contribution to fine structure of hydrogen atom. In our case this effect is very small when p 0 ≫ √ m 1 m 2 , i.e. for ultrarelativistic neutrinos. In that regime |U p 0 | 2 → 1 and |V p 0 | 2 → 0, and the oscillation probability recovers its standard form (10) . Let us remark that the usual treatment [13, 15, 16] , not including negative frequency terms, is very similar to the rotating wave approximation usually encountered in quantum optics and atomic physics [38, 39] , where fast oscillating terms in the Hamiltonian are neglected in order to find exact solutions of the eigenvalue problem. However, in the case of neutrino oscillations, there are no reasons to neglect the contribution with Ω + p 0 , apart from ultrarelativistic case.
Flavor eigenstates
Let us now come back to the problem of constructing flavor states in QFT. Resuming to our previous considerations, we aim to construct states which are eigenstates of the flavor charges. To this end, we limit ourselves to the two flavor case. The mixing relations for neutrino fields are
with tan 2θ = 2m eµ /(m µ − m e ). Eq. (47) can be equivalently rewritten as [21] 
with (σ, j) = (e, 1), (µ, 2) and G θ (t) given by
From (3) and (48) it follows that flavor fields are:
with (σ, j) = (e, 1), (µ, 2), and flavor ladder operators are given by
The flavor vacuum is defined as [19, 21] :
where |0 1,2 denotes the mass vacuum (cf. Eq. (4)) for the two-flavor case. One can easily verify that it is annihilated by the flavor operators defined in Eq. (51). Moreover, one can prove that [19, 21] lim
i.e. flavor and massive fields belong to unitarily inequivalent representations of the anticommutation relations [40, 41] .
True flavor eigenstates can be explicitly constructed as
where flavor operators are taken at reference time t = 0. One can prove that:
The corresponding oscillation formula can be found by taking the expectation value of the flavor charges [28] 
where · · · σ = ν r k,σ | · · · |ν r k,σ , which gives
where now Ω ± k ≡ ω k,2 ±ω k,1 and |U k | 2 = 1−|V k | 2 . This is nothing but the formula (46), obtained in the previous section from Dirac equation in the quantum mechanical wave packet formalism.
By using the flavor states (55) we can also evaluate the amplitudes of the decay W + → e + ν e [33] :
with ε r ≡ (−1) r , and the "wrong" one, W + → e + ν µ :
Looking at the case τ W ≪ ∆t ≪ t osc , we find [33] : 
which is the expected result.
Conclusions
We have reviewed some basic facts on neutrino flavor states, and put in evidence some inconsistencies, coming out from the use of weak states which are not eigenstates of the flavor charges. The definition of neutrino flavor states as exact eigenstates of flavor charges [21] instead provides the solution to overcome such inconsistencies and recovers the correct results, as the exact oscillation formula Eqs. (46),(58) and family lepton number conservation (at tree level), in the production/detection vertex Eqs.(61),(62). Another independent argument in favor of flavor states as "ontological" entities, comes from the study of the proton decay in accelerated frames in presence of neutrino mixing [43, 44] . From general covariance, the proton decay rates calculated in the inertial and comoving frame should agree: this leads to the necessity of Unruh radiation but also to the use of flavor neutrino states in the decay vertex.
We finally point out that recently [35] , the use of flavor states led to the interpretation of flavor neutrinos as unstable particles, which periodically decay into different neutrino species. This view is also compatible with the formal statement, based on the study of Schwinger-Dyson equations, according to which flavor neutrinos can be formally thought as single-particle bound states, i.e. bound states in the flavor space.
